Review of: A Combinatorial Approach to Matrix Theory and its Applications, by Richard A. Brualdi and Dragos Cvetković, CRC Press (2008). by van den Driessche, P.
Linear Algebra and its Applications 430 (2009) 2501–2502
Contents lists available at ScienceDirect
Linear Algebra and its Applications
j ourna l homepage: www.e lsev ie r .com/ loca te / laa
Review of: A Combinatorial Approach to Matrix Theory and its Applications,
by Richard A. Brualdi and Dragos Cvetkovic´. CRC Press (2008)
At the start of the 2008 Fall semester, a beginning graduate student asked me what undergraduate
book should he read in order to acquire some background knowledge of the ways in which graph-
theoretic methods are applied to matrix analysis. The next day I received an announcement of this
book by Brualdi and Cvetkovic´, and I eagerly awaited its appearance fully expecting it to be the answer
to my student’s question. The two authors are already independently well known for their excellent
research level books in this area; for example, I have well-used copies of Brualdi and Ryser [1], Brualdi
and Shader [2] and Cvetkovic´ et al. [4] on my bookcase shelf. As Brualdi and Cvetkovic´ write in their
Preface, their joint book originated as a rewriting and translation from Serbian of Cvetkovic´ [3], but
evolved into much more than that with the addition of substantial new material. This new book
certainly lives up to expectations, and ﬁlls a niche that was previously empty.
“A Combinatorial Approach toMatrix Theory and its Applications” focuses on the use of graphs and
directed graphs (digraphs) to explain and illuminate matrix theory. Chapter 1 contains basic notation
and terminology of graphs and digraphs, some classical combinatorics, ﬁelds and vector spaces. In
Chapter 2, basic matrix concepts are given. Then a main player in the book, namely the König digraph
G(A) associated with a given rectangular matrix A, is introduced; the Hungarian mathematician König
used the corresponding bipartite graph. Basic properties are expressed in terms of operations on
matrices and on König digraphs. For a square matrix A, another weighted digraph associated with A,
called D(A), is introduced in Chapter 3, andwalks in this digraph are shown to be useful for calculating
positive powers of A. Applications of this to Markov chains, ﬁnite automata and circulant matrices are
particularly instructive. At the beginning of Chapter 4, the Coates digraph D∗(A) = D(AT ) is deﬁned;
this was introduced by Coates for the solution of linear equations. The number of cycles contained
in and the weight of linear subdigraphs of D∗(A) are used to deﬁne the determinant of A, and to
prove basic determinantal properties including the Binet–Cauchy formula. Readers will be pleased
to see that in Section 4.4, the authors show that their formula in terms of D∗(A) is equivalent to the
classical formula for the determinant of A. Moreover, they reformulate this in terms of the 1-factors
of G(A) and use this to derive Laplace’s formula for the determinant. Matrix inverses are the topic
of Chapter 5, and for an invertible matrix A, a formula for A−1 in terms of 1-connections in D∗(A) is
obtained and illustratedwith the example of a companionmatrix. Chapter 6 is entitled “Solving Linear
Systems by Digraphs” and describes digraphmethods using ﬂow digraphs as developed by Coates and
by Mason. For example, the system Ax = b with square matrix A has Coates digraph D∗(−b,A). The
authors conclude this chapter with a section on sparsematrices, and show how to use graph-theoretic
approaches to treat systems with sparse matrices. In matrix analysis, the spectrum of a matrix is
fundamental, and Chapter 7 is devoted to this topic. The Coates digraph D∗(A) is used to prove the
Cayley-Hamilton theorem, and a large part of the proof of the Jordan Canonical Form of a matrix is
given in a graph-theoretic manner. Perron–Frobenius theory of nonnegative matrices is discussed in
Chapter 8, most results are presented without proof. However, in Section 8.4 the results of matrix
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theory are used to establish results on graph spectra; i.e., the spectrum of the 0, 1 symmetric matrix A
associated with a given graph. Chapter 9 covers some additional matrix topics, specifically Kronecker
and Hadamard products; eigenvalue inclusion regions including the well-known Geršgorin region
and reﬁned regions using the digraph of a matrix; the permanent using the Coates digraph and the
König digraph; and sign-nonsingularmatrices using the Coates digraph. I ﬁnd the applications given in
Chapter 10 especially interesting; in truth they demonstrate thatmatrices and graphs are everywhere.
The topics they select are applications in electrical engineering ﬂow graphs (using Coates’ andMason’s
formulas), vibration of a membrane in physics (representing a membrane by a discrete model and a
graph), unsaturated hydrocarbons in chemistry (based on a chapter of [3], and using the adjacency
matrix of the Hückel graph).
It would have been nice to see some applications of graphs to biological systems. A reader looking
for ecological applications can consult the book by Logofet [7], and a recent paper by de-Camino-Beck
and Lewis [5] that describes graph reduction rules to compute the net reproductive rate.
The book ends with a Coda, which gives some history of the topic starting with König, and includes
references for thematerial covered. There is an excellent bibliography including references for König’s
1916 paper, Coates’ 1959 paper, Mason’s papers of 1953 and 1956, books and papers related to the
applications contained in Chapter 10, and to the recent “Handbook of Linear Algebra” edited byHogben
[6]. Each chapter of the book begins with a non-technical description of its contents, and ends with a
nice selection of exercises, for which (partial) solutions or hints to a few selected ones are given.
The authors make little reference to computational issues, except in their discussion on sparse
matrices. One could ask how graph-theoretical methods compete with modern computational meth-
ods inmatrix analysis. But the emphasis of the book is on combinatorial aspects, and this is its strength.
A reader can see from the contents expounded above, that this is not a standard book on linear
algebra, matrices or graph theory. Rather it is about the interplay of these areas with emphasis on G(A)
and D∗(A) as the main players. The authors suggest that the book could be used as a special course
or a supplementary text for courses in matrix theory, or for an undergraduate seminar or self-study.
I concur with these suggestions, and also suggest that it be on the bookcase shelf of any student or
researcher interested in combinatorial matrix analysis.
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